Many experiments have been made to test the Clauser-Horne-Shimony-Holt (CHSH)-Bell inequality (CBI). However, the Cirel'son's limit has not been reached yet, due to various practically existing imperfections. In this paper, we experimentally investigate how to select the measurement settings for obtaining the optimal violation of CBI for a mixed entangled state. With the commercialized entangled source, we first determine the entanglement degree of the generated photon pairs by using the tomographic technique, and then numerically optimize the measurement settings. Finally, we experimentally obtain the optimal violation of the CBI with the present commercialized entangled source without the maximal entanglement.
INTRODUCTION
Nonlocal correlation (no matter how far the two subsystems of a quantum state are spatially separated, their conjoint measurements will exhibit certain correlation) predicted by quantum theory is contrary to the intuition. This correlation is not only of great significance in exploration of the essence of nature, but is also an important foundation for quantum information processing. Initially, Einstein et al. believed that the nonlocal correlation of quantum world was caused by the incompleteness of quantum theory. In the framework of the hidden-variables (HV) theory, this kind of correlation can be regarded as the induction of a certain local feature [1] . In 1964, Bell proposed an inequality to test the validity of the HV hypothesis [2] . Then, Clauser et al. generalized such an inequality to the so-called Clauser-Horne-Shimony-Holt (CHSH)-Bell inequality (CBI) [3] , which is more easily tested by the realistic experiments. This inequality says that the upper bound value of the CHSH-Bell function S (for the conjoint correlations obtained by measuring the two subsystems with a special set of settings) should be 2, i.e., S ≤ 2. However, based on quantum theory, Cirel'son proved that such an inequality can be violated and the upper bound value of S can be reached to 2 2 p [4] (i.e., the Cirel'son's limit). Therefore, CBI opens an experimental possibility to test the nonlocal correlation predicted by quantum theory.
In the past three decades, various entangled sources (for instance, entangled photon pairs [5] , trapped ions [6] , massive fermion pairs [7] and superconducting Josephson phase qubits [8] [9] [10] , etc.) have been utilized to test the CBI. However, Cirel'son's limit has never been reached, although all these experiments showed the violation of the CBI. Therefore, it is still necessary to explore an effective methods to generate an ideal entangled source to test the CBI approaching to the Cirel'son's limit.
Since the first experiment using the photon pairs generated by atomic cascade emission [11] for testing the Bell inequality, the entangled photon pairs had been popularly used as the source to test CBI. Typically, the experimental values of the CHSH-Bell function S can be reached to S 2.7277 0.0719 and S 2.731 0.015 by using the improved photon pairs [12, 13] . Now, the polarization entangled-photon pairs, generated through spontaneous parametric downconversion (SPDC) processes [14] , become a kind of commercialized products and are popularly utilized. Certainly, with the commercial entangled source, it should be not easy to realize the maximal violation (i.e., reaches to the Cirel'son's limit: S 2 2 p ) of the CBI. In fact, the degree of experimental violation of the CBI is related to both the degree of entanglement and the purity of the entangled source [15] , as well as the settings selected for measuring the conjoint correlations [16] . Unfortunately, the quantum state generated in a realistic SPDC experiment is actually not the maximally entangled pure state. It, however, is always a mixed state (say, for instance, one type is the Werner state [17] , which is an ideal pure entangled state mixed simply by the usual white noise). This is because the degree of the entanglement and purity of the generated entangled-photon pairs are decreased by certain uncertainty factors in a realistic experiment, e.g., the unknown phase shifts [18] and the asymmetry of the losses in the two subsystems [19] . This is probably the most important reason we cannot obtain the maximal violation of the CBI. Actually, testing the Bell inequality using the mixed entangled state has also been paid much attention. For example, Braunstein et al. theoretically proved that the maximal violation of the Bell inequality can also be obtained for the mixed entangled state [20] . Especially, Horodecki et al. gave the necessary and sufficient conditions of violating the Bell inequality by mixed spin-1∕2 entangled states [21] .
Another possible reason the violation of the CBI does not reach to the Cirel'son's limit is that the measurement settings induced by the pure-state assumption may not be suitable to the realistic entangled source [5] . Therefore, in order to realize the optimal violation for a given mixed entangled state, the measurement settings should be optimized specifically. To the best of our knowledge, no experiment has demonstrated how to obtain the optimal violation of the CBI, if a mixed entangled state is given. In this article, with the mixed entangled-photon pairs generated by a commercial source [22], we investigated how the CBI can be optimally violated. We first reconstructed the density matrix of the generated the entangled-photon pairs by the quantum tomographic technique, and then determined the degree of entanglement of such a mixed entangled state. Given the well-determined entangled source, the measurement settings could be optimized numerically for realizing the optimal violation of the CBI. Finally, the experimental results verified our arguments, which implied that violation of CBI could be optimized by properly selecting the suitable measurement settings. Therefore, once the ideal entangled source with the maximal entanglement is given, the violation of the CBI can reach to the Cirel'son's limit.
This paper is organized as follows. In Section 2, the density matrix of the polarization entangled-photon pairs (generated by the commercialized product) is reconstructed by using the quantum tomographic technique. Then, with the numerically optimized measurement settings, we report our experiments to realize the optimal violation of the CBI with the commercialized mixed entangled source in Section 3. Section 4 gives our conclusions and discussions.
TOMOGRAPHY OF THE ENTANGLED-PHOTON STATE FOR DETERMINING ITS ENTANGLEMENT DEGREE
The polarization entangled-photon source (see the dashdotted box in Fig. 1 ) used in our experiment consists of three components: the pump laser (i.e., a continuous laser with wavelength of 405 nm), the nonlinear type II downconversion medium [a bulk beta-barium borate (BBO) crystal] for generating the entangled photons, and the entanglement compensation medium (two identical BBO crystals inserted in two output optical paths, respectively). Expectedly, the above source used to generate the polarization entangled-photon pairs is described by the wavefunction:
where si represents the signal (idler) photon and jHi (jV i) represents the horizontal (vertical) polarization state of the photon, respectively. However, the practically generated entangled-photon pairs should not be exactly equivalent to the ideal one jψi p , due to various imperfect factors in the present commercial product [22] . In order to exactly characterize the entangled-photon state generated by this commercial source, we experimentally reconstruct the density matrix of the entangled-photon state by using the so-called quantum-state tomograph technique [23] . This can be achieved by performing 16 kinds of projection measurements:μ ν jψ ν ihψ ν j, ν 1; 2; …; 16, to determine all the 16 elements r ν of the density matrixρ [24] :
Here, fΓ ν g are the linearly independent 4 × 4 matrices, and jψ ν i means the νth coincidence measurement setting. Experimentally, the average number of coincidence counts is
which is related to the elements of the vector r ν ν 1; 2; …; 16 by the formula n ν P 16 μ1 B ν;μ r μ , B ν;μ hψ ν jΓ μ jψ ν i. As a consequence, the density matrixρ can be reconstructed aŝ
and N P ν TrfM ν gn ν . Following [24] , our 16 coincidence-measurement settings selected for the tomography are obtained by combining the basis from the set fjHi; jV i; jDi; jRi; jLig, with jDi jHi jV i∕ 2 p , jRi jHi − ijV i∕ 2 p , and jLi jHi ijV i∕ 2 p . The approaches to implement the projection measurements with this basis are summarized in Fig. 2 . Here, the symbol ↕ represents the direction of fast axes of the applied half-and quarter-wave plates, and PBS means the usual polarization beam splitter. In particular, pairs of quarter-wave plates are inserted in each of optical paths in the commercial entangled-photon source to realize the jLihLj and jRihRj. In Table 1 we listed our measurement results of the selected 16 linearly independent projections. With the above experimental data, n ν ν 1; 2; …; 16 in Table 1 and the programmable procedure [24] , the density matrixρ t of the polarization entangled-photon pairs generated by the present commercial source can be reconstructed aŝ Obviously, the entangled-photon pairs generated by the used commercial source are mixed, i.e., Trρ 2 t 0.653 < 1;
rather than the expectable pure state jψi p in Eq. (1). In fact, the fidelity [25] (between the generated entangled state and the pure one) is F p hψjρ t jψi p 0.763. Based on the above experimental data and calculations, we find that the entanglement of the polarization entangledphoton pairs generated by the present commercial entangled source is not the maximal. However, the reachable value S max of CBI function could be calculated. For a mixed state, there are two approaches to calculate such a limit. One is using the formula [ Trρ t σ i ⊗ σ j (with σ i and σ j being the usual Pauli matrix and i, j 1, 2, 3). Another one [15] is by using the formula
, where the concurrence C of the mixed state can be calculated [26] as
Here, r 1 ≥ r 2 ≥ r 3 ≥ r 4 are the four eigenvalues of the matrix ρ ∼ ρσ y ⊗ σ y ρ T σ y ⊗ σ y , with σ y being the usual Pauli matrix. In this paper, we simply calculate the reachable value of the CBI function by using the concurrence of the reconstructed stateρ t , i.e.,
In what follows, we experimentally investigate how to obtain such an optimal violation with the commercial entangled source by optimizing the measurement settings.
EXPERIMENTALLY TESTING THE CHSH-BELL INEQUALITY WITH OPTIMAL MEASUREMENT SETTINGS
We now investigate how the CBI is violated with the commercial entangled source. Standardly, the CBI S ≤ 2;
( 9) can be tested by experimentally determining the CHSH-Bell function [3] :
The nonlocal correlation function Eθ s ; θ i between two spatially separated parties can be calculated as
via directly measuring the coincidence count probabilities. For example, Pθ s ; θ i refers to the probability of the coincidence count for the signal photon being polarized in θ s direction and the idler photon being polarized in θ i direction. Theoretically, for a given entanglement sourceρ, the expected value of the coincidence count probability Pθ s ; θ i can be calculated as Pθ s ; θ i hψ ν jρjψ ν i nθ s ; θ i ∕N. Here,
is the generic form of the measurement setting. Obviously, such a probability is dependent on the selection of the measurement settings. Therefore, there should be an optimal selection in which the violation of the CBI is optimal.
Specifically, if the polarized-photon pairs generated by the source are the desirable maximal-entanglement pure state jψi p , then under the optimal standard measurement setting, (i.e., O p fθ s 22.5°; θ i 0°; θ 0 s −22.5°; θ 0 i 45°g) the violation of CHSH-Bell function S should be maximal; i.e., the CHSH-Bell function reaches to the Cirel'son's limit. Based on this logic, we have performed (with the measurement setting O p ) the relevant experiment and listed the corresponding results in Table 2 . Then, our experiment showed that the CHSH-Bell function is 
which is far from the desirable Cirel'son's limit. This indicates again that the used entangled-source is not the desirable maximally entangled pure state. Indeed, under the measurement setting O p , the value of the CHSH-Bell function for the present commercial entangled source is calculated as S 0 p 2.154, which is less than the most satisfiable value predicated by Eq. (8) .
In order to find the optimal measurement settings O t for the present commercial source with entangled mixed state (5), we run a MATHEMATICA 5.0 routine FINDMAXIMUM [27] to find the maximal value of Eq. (10) . Certainly, such a routine executes a multidimensional-Powell-direction-set algorithm (as the four arguments θ s , θ i , θ Our experimental scheme for testing CBI with the commercial source is also schematized in Fig. 1 , just removing the quarter-wave plates (the dotted box). Under the measurement settings O t , the measured coincidence counts in a time interval of 1 s were listed in Table 3 .
With these experimental data, we can calculate the correlation function 
Thus, the CBI is violated with about 21 standard deviations. Here, the statistical uncertainty is calculated as follows. It is assumed that the uncertainty of each coincidence count takes the Poissonian statistics distribution [28] . For example, if the νth coincidence-counting value is n ν , then its uncertainty reads as σ n ν n ν p . Finally, the statistical uncertainty of CHSH-Bell function S can be calculated by using the uncertainty transfer formula
Obviously, compared with the experimental results (i.e., S p 2.114 0.015) under the pure-state settings O p , the value of the CHSH-Bell function (i.e., S t 2.293 0.014) under the optimized measurement settings O t approaches satisfyingly to the expected value, S max 2.218, which depends completely on the degree of entanglement. This indicates that, given a fixed entangled source, the optimal violation of the CBI could be experimentally obtained by optimizing the measurement settings.
CONCLUSION AND DISCUSSION
Using the quantum tomography technique, and a pair of additional inserted quarter-wave plates, we reconstructed the density matrix of the entangled-photon pairs generated by a commercial polarization entangled source. The reconstructed density matrix shows that the state of the generated entangled-photon pairs is not the desirable maximally entangled pure state, but is practically a mixed one. The concurrence of the entangled-photon pairs predicts that the maximal value of the CHSH-Bell function is S max 2.218. Thus, the relevant CBI can be significantly violated. Indeed, our experiments showed that, if the standard measurement settings for the pure state are used to test the CBI, then the violation value of CBI is S p 2.114 0.015. However, such a violation can be enhanced by optimizing the measurement settings. Really, with the reconstructed density matrix, we can find the optimal measurement settings and then the measured CHSH-Bell function can reach as S t 2.293 0.014, which is closed to the expected one S max 2.218 (which is only dependent on the degree of entanglement of the entangled state). Note that the expected value of the CHSH-Bell function, i.e., S max 2.218, is a bit less than that of our experimental measurements, i.e., S t 2.293 0.014. Probably, the main reason is the degree of entanglement is practically decreased due to the application of the quarter-wave plates for the tomography. As a consequence, the entangled state used for testing CBI is slightly different from the one that is tomographied for finding the optimal measurement settings.
In conclusion, by optimizing the measurement settings via tomographying the utilized entangled states, one can obtained the optimal violation of the CBI, i.e., approaching to that predicted by the degree of entanglement. Therefore, optimization of the measurement settings is particularly important for the CBI testing.
